SEPARABLE if-LINEAR CATEGORIES 



ANDREI CHITES, AND COSTEL CHITES, 

Abstract. We define and investigate separable X-linear categories. We show that such a cate- 
gory C is locally finite and that every left C-module is projective. We apply our main results to 
characterize separable linear categories that are spanned by groupoids or delta categories. 



Introduction 

Linear categories are important generalizations of ordinary associative algebras, that play an 
important role in various fields of mathematics, such as representation theory of finite dimensional 
algebras, mathematical physics, etc. They were introduced and studied in [Ml], while in [M2] 
several homological tools were adapted to this more general framework. In particular, in loc. cit. 
Hochschild- Mitchell cohomology was defined as a substitute of Hochschild cohomology, which is a 
key homological invariant of unital associative algebras. 

The aim of this short note is to investigate the basic properties of the simplest linear categories 
from a cohomological point of view. More precisely, we give equivalent characterizations of those 
linear categories with the property that their Hochschild-Mitchell cohomology groups vanish in 
positive degrees, see Theorem 2.3. It is worthwhile to remark that for associative algebras a similar 
result can be found in [We], and in [AM§] in the more general case of algebras in an abelian monoidal 
category. In analogy to the case of associative algebras, we call these linear categories separable. 
We also show that a separable linear category C is locally finite, i.e. dim^ Home (a;, y) < oo, for 
any objects x and y in C. The later result may be seen as a generalization of Zelinsky Theorem. As 
applications of our main results we give necessary and sufficient conditions such that the if-linear 
categories spanned by groupoids and delta categories to be separable. 

1. Preliminaries 

Throughout this paper C denotes a small category. The set of objects in C is denoted by Co and, 
for simplicity, we write C(x, y) for Home (a;, y). 

1.1. if-linear categories. Let if be a field. A category C is said to be if-linear if C(x,y) is 
a if- vector space, for any x,y 6 Co, and the composition maps in C are bilinear. Note that the 
composition in C can be seen as linear maps 

C(y, z) ®C{x,y) -* C(x,z), 9®f^*9°f- 

For the properties of linear categories the reader is refered to [HS, M2] and the references therein. 

Let C and T> be two if -linear categories. A functor F : C — > T> is said to be if -linear if 
F{— ) : C(x, y) — > T)(F(x), F(y)) is a if -linear map, for all x, y € Co- 

1.2. Modules and bimodules over if-linear categories. A left module over C is a if -linear 
functor M : C — > if -Mod. Note that M is defined by a family of vector spaces ( x M) x ^c an d 
if-linear maps 

> :C(y,x)® x M -> V M 

satisfying identities that are similar to that ones that appear in the definition of modules over 
associative algebras. A module morphism / : M — > N is a natural transformation between the 
functors M and N. It is given by a family ( x f)xee 01 if-linear maps x f : X M — * X N, which are 
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also linear with respect to the structure maps that define the module structures on M and N. 
Right C-modules are defined analogously. We obtain two categories C-Mod and Mod-C. 

To define C-bimodules one defines a new linear category C Mk C op , see [HS] for details. By 
definition, a C-bimodule is a left C C op -module, that is a family (xMy)/ Xt y\ e c xCo together with 
left and right actions 

> : C{ Vl x)® x M z ^ y M z 
< : z M x ®C(y,x) z M y 

such that, for all :ro and yo in Co, the pairs {( x My ) X £c i l>) an d [{xa^v)y&C i <0 are a left an d a 
right C-module, respectively, and these structures are compatible in the obvious sense. We shall 
denote these modules by -M yo and X0 M_ 1 respectively. The category of C-bimodules is denoted 
by C-Mod-C. Note that C can be seen in a canonical way as an object in C-Mod-C. 

The categories C-Mod, Mod-C and C-Mod-C are abelian and have enough projective and injective 
objects, cf. [HS]. Thus we may consider Ext functors in these categories. 

1.3. Hochschild-Mitchell cohomology. Let C be a if -linear category, and let M be a C- 
bimodule. Hochschild-Mitchell cohomology of C with coefficients in M is defined by 

H*(C,M) := Ext* c _ c (C,M), 

where Ext£_ c (— , — ) denote the Ext functors in the category C-Mod-C. 

Many of the properties of Hochschild-Mitchell cohomology follow immediately from the fact 
that this cohomology theory is defined using derived functors in an abelian category. The most 
important ones for our work are the following. 

First, if n £ N* and M is an injective C-bimodule, then H n (C, M) = 0. This equality also holds 
if C is a projective as a C-bimodule. 

Second, if — > M — > TV — > P — > is an exact sequence of C-bimodules, then the exact sequence 
of the Ext functor, applied to the above short exact sequence, yields the following long exact 
sequence: 

(1) — i?°(C,M) -> H°(C,N) -> H°(C,P) -» H^CM) -» H l {C : N) -> H 1 (C,P) ... 

-^H n {C,M) -► H n {C,N) -> H n {C,P) -> H n+1 {C,M) -> H n+1 {C,N) -> H n+1 {C,P) -> ... 

2. Separable linear categories 

We are going to study the if -linear categories that are simple from a cohomological point of 
view. More exactly, we are going to study the properties of a if-linear category C such that its 
Hochschild cohomology in positive degrees is trivial. 

Definition 2.1. A if -linear category C is separable if if^C, M) = 0, for any C-bimodule M. 
Lemma 2.2. The bimodule C ®C is projective (i.e. it is a projective object in C-Mod-C). 
Proof. Consider the following diagram 

C®C 

M — > N > 



where <p and tt are arbitrary bimodule morphisms with tt epimorphism. By definition we have 
X (C £g> C) y = 2 C(z, x) ® C(y, z). Since tt is an epimorphism, for every z G Co, there is z m z £ Z M Z 
such that z TT z ( z m z ) — Z (p z (l z ® l z ). We define 

x ip z y : C(z, x) O C(y, z) -> x M y , x ip y (f ® g) = f > z m z < g>. 

Let ajVy : x(C ® C) y — > x M y be the if -linear map induced by the family {xip y ) zeC ■ It is easy to 
see that the family ( x ip y ) x y£C is a morphism of bimodules such that 7r o i/j = tp. Thus C ® C is 
projective. □ 
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Theorem 2.3. Let C be a K-linear category. The following statements are equivalent: 

(1) C is separable. 

(2) H n {C, M) = for all n > and M G C-Mod-C. 

(3) C is projective as a bimodule. 

(4) The canonical morphism C <£> C — » C splits m t/ie category C-Mod-C 

(5) There is a family (o^) w , y &e with the following properties: 

(a) XTie element a v x G C(y, x) <g> C(x, y), for all x, y G Co- 

(b) For any x G Co, i/ie family (a|) y gc * s of finite support. 

(c) For euen/ object x, we have Ylyec com P( a %) = 

(d) If f £ C(x, z), then f > a| = a| < / . 

Proof. (1) <^ (2) Recall that, by definition, C is separable if and only if H l (C,M) = 0, for every 
bimodule M. Therefore, (2) =4> (1) is straightforward. The other implication can be proved by 
induction as follows. We assume that H n (C,Q) = 0, for all n > and Q G C-Mod-C. As in the 
category of C-bicomodules there are enough injective objects, there exists an injective morphism 
i : M — > / in C-Mod-C. Let Q be the cokernel of i, so the following sequence is exact in C-Mod-C. 

— ► M — > I — > Q — ► 0. 

From (1) we get the following exact sequence: 

H n (C,Q) -> H n+1 (C,M) -» H n+1 (C,I) 

By induction hypothesis, H n (C,Q) = 0. On the other hand H n+1 (C,I) — 0, as / is injective as a 
C-bimodule. Thus H n+1 (C,M) = 0, too. 

(2) ^ (3) Hochschild-Mitchcll cohomology of C with coefficients in M is defined by H n (C, M) = 
Extc_e(Cj M). Furthermore, an object X in an abelian category A is projective if, and only if, 
Ext^(X, Y) = 0, for all n > and Y G Ob(_4). Thus, C is projective as a C-bimodule if and only 
if H n (C, M) = 0, for all n > and M G C-Mod-C. 

(3) => (4) Consider the following diagram in C-Mod-C : 

C 

lc 

c®c >c 

comp 

If C is projective, then there exists a morphism of C-bimodules ip : C — > C®C such that comp ocp = 
lc- This proves that ip is a section of comp, that is comp splits in C-Mod-C. 

(4) (3) Suppose that the canonical morphism comp : C ® C — * C has a section in C-Mod-C. It 
results that M, the kernel of comp, is a complement of C in C ® C. From the above lemma C ®C is 
projective, so C is a projective C-bimodule, since it is a direct summand in a projective bimodule. 

(4) =>• (5) Let </?:C^C(8>Cbea C-bimodule morphism such that comp op— 1q. We fix 
(x, y) G Co x Co- Let x ip y : C(y, x) © zeC . C(z, x) ® C(y, z) be the corresponding component of 
p. We have 

z<? x (l*)e@ ^ C{y,x)®C{x 7 y), 

so x p x (l x ) = (Ox)yECa, where a y x G C(y, x) ®C{x, y). Hence the family (a^x.yeCo satisfies the first 
property in (5). It also satisfies the second property as x ip x (l x ) is an element in (J), yeCo C(y, x) ® 
C(x,y), so the family (a|)j/eCo nas finite support. Moreover, comp( x ^ a .(l a; )) = 1^, since y is a 
section of comp. Thus, for all x G Co 

V comp(o^) = l a , 
^ — 'yec 

i.e. {a y x )y£c satisfies the third property. Let us now show that (a%) x ,yeC satisfies the last property. 
Let / G C(x, z). Since a v x G C(y, x) ® C(x, y), we can write this element as a sum 

a x = fy,Z ® 9x,yj 
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where f yx £ C(y,x) and g l xy £ C(x,y). Then we get 

/ > < = YZll f ° ® ^ and a * < f = ^7=1 f y- z ® 5 ^ ° / - 

On the other hand 

= >!») = /> *¥>»(!») = / > (aDveCa = (/ > <^) B ee 

and, similarly, 

*¥>*(/) = xV*(l* < /) = xV*(l«) < / = i a l)yec <f = (a y z < f) ye c - 
So (/ \> a v x ) V £Co — (a y z < f)y£C - We deduce that f >a% = a% < f, for all y £ C a . 
(5) => (4) Let (a x ) x , v ee a family which satisfies (a)-(d). We define: 

x ip y : C(y, x) -> xeCo C(z, a:) ® z), *<A,(/) = (/ > c£)*eCo- 

The map x tp y is well-defined because (a y ) ze c is of finite support. Obviously ip — {x l Py)x. y ec is a 
morphism of left C-modules. The family ip defines a morphism of right C-modules because (a%) x yeC 
satisfies (d). Finally, taking into account (c), ip : C — > C (g) C is a section for comp : C ® C — > C in 
C-Mod-C . □ 

Using the equivalent characterization of separable linear categories in Theorem 2.3 we shall 
now prove a generalization of Zelinsky Theorem, which states that a separable algebra is finite 
dimensional (as a vector space over the base field). 

Definition 2.4. We say that a i^T-linear category C is locally finite dimensional if dimx C(x, y) < oo 
for all i,i/£ Cq. 

Theorem 2.5. A K-linear separable category C is locally finite dimensional. 

Proof. Since C is separable, there is a family {a^) x ,ye.c that satisfies the properties (a)-(d) in 
Theorem 2.3.(5). We write each a v x as a sum 

( 2 ) K'V 

with f VtX £ C(y,x) and g x>y 6 C{x,y). From all representations of a| as in (2) we choose one 
such that the number n x ,y is minimal. For such a choice the set {g x y \ i = 1, ■■.,n x ,y} is linearly 
independent. Thus, for every i — l,...,n Xt y, there is a if-linear application a x y : C(x,y) — + K 
such that ot x y {g x y ) = Jjj, for any 1 < j < n X!j/ . If / £ C(a;, 2) and y £ Cq then / > a| = af < /. 
Equivalently, we have the following identity in C(y, 2) ® C(a;, y) 

(3) E^r / 4% ® S£,. = ® < 

Let V VtX denote the vector space generated by f y x , where i = 1, n x . y . By construction, dim^ V VlX < 
00. For a given i, let us apply lc(j/,x) ® a Ly to the left and right sides of (3). For x,y,z £ Co and 
/ £ C(x, z), one obtains 

fo f' = y^""'" q,9 („? <] /•)/•? 

Z^/g = l X 'V^ Z 'V JJJ V' Z 

This relation shows that f o f y x £ V a! z. Furthermore, the composition in C induces an application 

Vx,y,z '■ C(x,z) -> Hom^V^s, V„, 2 ), <P x>v ,z(f)(g) = f°9- 

We fix (x, 2) G Co x Co- The family (a|)j,ec is of finite support, so there exist y%, y p £ Co such 
that a v x = 0, for every y which does not belong to {yi, ...,y p }. We define 

ip x>z : C[x,z) -> 0^ =i Hom K (V % , X) V w , z ), = ,2 (/)) x< . • 

We claim that (p x>z is injective. If f £ Kerip x z , then <p Xfy . tZ (f) = for any 1 < j < p. Thus 
Vx, yj ,z(f)(9) = 0, for all g e V Vi , x . In particular, by taking g := f y . x , we get / o p y . x = for any 
1 < i < n x ^ y . . It results that 
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for all 1 < j < p. On the other hand, if y g" {yi, y p } then a\ = 0. We deduce that 
f = f>l x = f> comp(V P <z») = V P comp(/ > a y J) = 0. 

' — '3=1 A — 0=1 

In conclusion, z is injective, as we claimed. Therefore, C(x, z) can be embedded in the vector 
space V = 0jL j Hom^-(V yjj2; , V yj .^). Note that V is a finite dimensional vector space, being a 
finite direct sum of finite dimensional vector spaces. Thus, C(x, z) is obviously finite dimensional, 
for every x, z G Co- □ 

Let A be a not necessarily linear category. The /^-linearization of A is the i^-linear category 
K [A] that has the same objects as A, but 

K[A}(x,y) := (/ | / e . 

Therefore, by definition, K [A] (x, y) is the i^-vector space having A(x, y) as a basis. The compo- 
sition in K [A] is the unique bilinear extension of the composition in A. 

Recall that Q is a groupoid if, and only if, all morphisms in Q are invertible. We can now prove 
the following corollary, that generalizes Maschke Theorem from group algebras. 

Corollary 2.6. Let G be a small groupoid. Then K [Q] is separable if, and only if, Q(x,y) is a 
finite set and \G(x,y)\ is invertible in K, for all x,y G Go- 
Proof. Let us first assume that K [Q] is separable. Since any separable linear category is locally 
finite it follows that Q(x, y) is a finite set, for any x,y e Go- Let (a}j.) x ego be a family which satisfies 
relations (a)-(d) in Theorem 2.3.(5). We fix x and y in Go- Hence a% G K [Q] (y,x) ® K [G] (x,y). 
Note that {g ® h \ g G G(y, x) and h G G(x, y)} is a basis on K [Q] (y, x) ® K [G] (x, y). Thus 

a x = 22ge9(y,x) a g ,h9 ® h, 

h£Q(x,y) 

where ct g ^ is a certain element in K, for every g G G{y,x) and h € G{x,y). Taking into account 
that {a%) x y( zg a satisfies (c), it follows easily that 

(4) V a q „-i = 1. 

^g&G(y,x) 9,9 

On the other hand, since (a%) x ye g g satisfies (d), for every / G G(x,x) we have / > a| = a| < /. 
It follows 

^2geS(y,x) a gM (/ ° 9) ® h = ^2 g eg(y,x) a g,h9 ® C 1 ° /) • 

h£9(x,y) h£Q(x,y) 

Hence a^-i ou t , = a B|to ^-i, for any u G G(y,x) and u G G{x,y). We fix go G G(y,x). Thus, by 
taking / :— uo o in the above identity, we get 

In conclusion the element a u<u -i does not deppend on u G G{y, x). By (4), we get \G{x, y) \ a Ug u -i = 
1, so \G(x, y)\ is invertible in K. 

Conversely, let us assume that \G{x,y)\ < oo and that y)| is invertible in K. It is easy to 
that the elements 

\Q(x,y)\ ^geQ(y,x) y y 
define a family which satisfies the properties (a)-(d) in Theorem 2.3.(5), so K [G] is separable. □ 

Recall that a category A is said to be skeletal if its only isomorphisms are automorphisms. A 
skeletal category A is called a delta category if the only endomorphisms in A are the identities, 
cf. [M2, p. 83]. If A is a delta category then there is a partial order relation < on Aq such that 
A(x, y) ^ if, and only if, x < y. Note that any poset (regarded as a category) is a delta category. 
Discrete categories are, of course, examples of posets (with respect to the trivial order relation). 

COROLLARY 2.7. Let A be a delta category. Then K [A] is separable if, and only if A is a discrete 
category. 
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Proof. Clearly, for a discrete category A, the if-liniarization K [A] is separable. Indeed, the 
elements 

0, x ^ y; 
l x ®l x , x = y, 

define a family {a%)x,yzAo which satisfies the properties (a)-(d) in Theorem 2.3.(5). Conversely, 
let as assume that K [A] is separable. We have to prove that A(x, z) = 0, for any x < z. Let 
(a^,) Xj y^Ao which satisfies the properties (a)-(d). Since A is a delta category it follows that either 
K [A] (x, y) = or K [A] (y, x) = 0, provided that x ^ y. Therefore a v x — 0, for any x and y such 
that x ^ y. Let us suppose that there is / : x — > z in K [A] , with x < z. Since f\>a% = a x z <\f = 0</, 
we deduce that / > a v x = for any x, y £ Aq. Hence 



/ = / > l* = V comp(/ > o*) = 0. 



It follows that X [X] (a;, z) = 0, for all x < z. Therefore A(x, z) = 0. □ 

Remark 2.8. For a different proof of the above corollary see [M2, Proposition 33.1]. 
Proposition 2.9. If C is separable then any left C-module M is projective. 

Proof. Since C is separable there is a family (d%)x,yeC as m Theorem 2.3.(5). It is sufficient to 
prove that the canonical morphism of left C-modules ip : C ® M — > M has a section in C-Mod. Let 



V* : GC C(y,x)^ y M ^ X M 



y&Co 

be the corresponding component of degree x. We define 



$1 : X M -> C(y, x) ® B Af, ^(m) = E"^ ® ( ff * iB > m) , 

where the elements /* ^ and y define £ C(y, x) <g> C(x, y) as in relation (3). Since the family 
(a x ) y ee is °f finite support, it follows that the family (i/j x (m)) ye co i s a l so °f finite support. Thus 
it makes sense to define tp x : X M — > © aeCo (C(y,x) ® y M) by 4> x {m) = (ipl{m)) yeCo . For to £ r M 
we get 



= ^ comp(a|)J > m = l x > m = to. 



Note that the first equality follows by the definition of the maps ip x and i/v The second and 
the last equalities arc consequences of the definition of C-modules, while for the third relation we 
used the fact that the family (a|)x,KeC satisfies property (c) in Theorem 2.3.(5). Summarizing, 
we have proved that -0 := (ip x )xec is a section of ip. It remains to show that ip is a morphism of 
left C-modules. Let / £ C(z, x) and m £ 2 M, where x and z are given objects in Co. We have 



ip x (f>m) = ($;(/> m)) we c = (E^i* ^ ® [(ff«,v ° /)>*»] ) 



yec 

v _ fi„< 

= (/ > ^M) aeCo = / > (^(™)) yeCo = / > ip z {m). 

The first and the second identities follow by the definition of ip x and ip x , respectively. For the 
third equality one uses property (d) in Theorem 2.3.(5), while the fourth one is obtained from 
the definition of the action on C ® M. Finally, the fifth and the last relations are consequences of 
the definition of ip v z and ip z , while for the sixth identity one uses the definition of the C-module 
structure on M := ©„ eCo y M. □ 
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